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ABSTRACT
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and m whose degree coincide with their order. Furthermore, they turn out to be
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1. Introduction

Vassiliev invariants [1,2,3] seem to be a very promising set of knot invariants to
classify knot types. Since the discovery of their formulation in terms of inductive
relations for singular knots [4,5], and of their relation to knot invariants based on
quantum groups or in Chern-Simons gauge theory [6,7,4,8,5], several works have
been performed to analyze Vassiliev invariants in both frameworks [9,10,11,12,13].
In [9,10] it was shown that Vassiliev invariants can be understood in terms of
representations of chord diagrams whithout isolated chords modulo the so called 4T
relations (weight systems), and that using semi-simple Lie algebras weight systems
can be constructed. It was also shown in [10], using Kontsevitch’s representation
for Vassiliev invariants [14], that the space of weight systems is the same as the
space of Vassiliev invariants. In [11] it was shown that these representations are

precisely the ones underlying quantum-group or Chern-Simons invariants.

Recently, we made the observation [12] that the generalization of the integral or
geometrical knot invariant first proposed in [15] and further analyzed in [7], as well
as the invariant itself are Vassiliev invariants. In [12] we proposed an organization
of those geometrical invariants and we described a procedure for their calculation
from known polynomial knot invariants. This procedure was applied to obtain
Vassiliev knot invariants up to order six for all prime knots up to six crossings.
These geometrical invariants have also been studied by Bott and Taubes [16] using
a different approach. In this paper we use the techniques used in [12] to compute
all Vassiliev invariants up to order six for arbitrary torus knots. Torus knots are
labelled by two coprime integers n and m, (n,m) = 1, such that the torus knots
{n,m}, {m,n}, {—n,—m} and {—m, —n} are the same knot, and {n,m} and
{n, —m} are mirror images of each other. The resulting invariants are polynomials
in n and m. This is consistent with the characterization found in [17,18] for torus
knots of the form n = 2 and m = 2p + 1. These polynomials turn out to be
integer-valued when (n,m) = 1 after they are normalized using the normalization

proposed in [12].



The paper is organized as follows. In sect. 2 we give a brief description of the
framework proposed in [12] for Vassiliev invariants. In sect. 3 we collect known
results on polynomials invariants for torus knots associated to different groups and
representations which will be used in our computations. In sect. 4 we calculate
the Vassiliev invariants for torus knots up to order 6. Finally, in sect. 5 we analyze

the properties of these invariants. An appendix deals with some technical details.

2. Vassiliev Invariants from Chern-Simons Gauge Theory

In this section we will recall a few facts on Chern-Simons gauge theory and
we will summarize the formulation for Vassiliev invariants based on Chern-Simons
perturbation theory proposed in [12]. Let us consider a gauge group G and a

connection A on R3. The Chern-Simons action is defined as:

Sp(A) = %/Tr(A/\dAjL%AAA/\A), (2.1)

RS
where “Tr” denotes the trace in the fundamental representation of G. Given a
knot C, i.e., an embedding of S* into R3, we define the Wilson line associated to

C carrying a representation R of G as:

WE =Trp P expj{A}, (2.2)

where “P” stands for path ordered and the trace is to be taken in the representa-
tion R. The vacuum expectation value of Wg is defined as the following ratio of

functional integrals:
W) = 5 [DAwges ), (2.3
where Zj, is the partition function:
Z = / [DAJeiSH(A) (2.4)

The theory based on the action (2.1) possesses a gauge symmetry which has to

be fixed. In addition, one has to take into account that the theory must be regular-



ized due to the presence of divergent integrals when performing the perturbative
expansion of (2.3). Regarding these two problems we will follow the approach taken
in [12]. Namely, we will work in the Landau gauge and we will assume that there
exist a regularization such that one can ignore the shift in k, k — k+g" (being g
the dual coxeter number of ), and Feynman diagrams which contain higher-loop
contributions to two and three-point functions (we refer the reader to [12] for the

details concerning this issue).

There is one more problem emanating from perturbation quantum field theory
which must be considered. Often, products of operators A, (x)A,(y) must be
considered at the same point x = y, where they are divergent. This leads to an
ambiguity which is solved guided by the topological nature of the theory. In the
process one needs to introduce a framing attached to the knot which is characterized
by an integer ¢. It was shown in [19] that to work in the standard framing (¢ = 0)
is equivalent to ignore diagrams containing collapsible propagators in the sense

explained in [19,12]. As in [12] we will indeed work in the standard framing.

As shown in [12] the perturbative expansion of the vacuum expectation value

of the Wilson line (2.2) has the form:

oo d;
(W =d(R)Y > ayjrija (2.5)

i=0 j=1

where x = %, and d(R) is the dimension of the representation R. The factors o;;
and rj; in (2.5) incorporate all dependence dictated from the Feynman rules apart
from the dependence on k which is contained in x. The power of x, i, represents
the order in perturbation theory. Of the two factors, 7;; and «;j, the first one
contains all the group-theoretical dependence, while the second all the geometrical
dependence. The quantity d; denotes the number of independent group structures
ri; which appear at order i. The first values of d;, o;; and r;; are: a1 = ro1 = 1,
dp = 1 and d; = 0. Notice that we are dispensing with the shift in k& (z = %),

and therefore no diagrams with higher-loop contributions to two and three-point



functions should be considered. In addition, there is no linear term in the expansion
(dy = 0) so that diagrams with collapsible propagators should be ignored in the
sense explained in [12]. It was proven in [12] that the quantities a;; are Vassiliev

invariants of order 3.

The group factors up to order i = 6 have been computed in [12] in terms of
the basic Casimir invariants. These group factors are classified in two types, the

ones which are not products of lower order group factors:

M M
ro1 = Z Cé”, 54 = Z Cél),
=1 =1
M M
raq = Z (ngl))2(c2(l))—l’ res = Z (ngl))5(c2(l))—4’
=1 =1
al D\3 /(D) —2 M l D\2 /() —2
rz =Y (Y () roo =y 0 (C)) ()
l; l; (2.6)
=Y ror =Y e (e,
=1 =1
M D\4 /(D —3 M l
rso =3 () (D), res =Y Cg.
=1 =1
M 1) (1 )y —1 M l
rss =3 Ve (), reg =Y Ca.
=1 =1
and the ones which can be written as products of lower order ones:
T41 :T%l) 76,2 :T§71a
51 =T2,173,1, 76,3 =12,174,2, (2.7)
r61 =51, T4 =T2,174,3.

We will refer to the group factors in (2.6) as primitive group factors, and we

will denote by d; the number of primitive group factors at order i. From (2.6) and
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Fig. 1. Diagrams associated to the independent group factors.

(2.7) follow that the values of d; and d; for i = 1 to 6 are:

d=0, 1, 1, 3, 4, 9,
i (2.8)
d=0, 1, 1, 2, 3, 5.

These dimensions are known up to ¢ = 9 [10]. The notation used in (2.6) is the
following. We will assume that the semi-simple group G has the form G = ®?:1G(l)
where GW, [ =1,..., M, are simple ones. The quantities C(Z), Cg()l), il), Cél), C'61(l)

and C’g(l) are traces of Casimir operators which for any simple group H have the



form (we remove the superindex (1)):

Cod(R) = Tr(1515),
C3d(R) = — fape Tr (T T Te),
C4d(R) = fapgfogrfers fasp Tr(Ta Ty T Ty), 29)
Csd(R) = fapqfogr fers fast feep Tr(T Ty T TyTe),
C4d(R) = fapqfsqrfors fast ferufrupTr(T LTI LT, ),
SA(R) = fapqforsfetpfaur foqs Fora Tr(T T TT T T),

where T, a = 1,...,dim(H), are the generators of the simple group H in the
representation R, and f,;. are the structure constants. The diagrams associated to
these Casimirs are presented in Fig. 2 while the diagrams associated to the groups

factors (2.6) and (2.7) are contained in Fig. 1.
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Fig. 2. Diagramas associated to Casimir operators.
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As in [12] we will use information from knot invariants for SU(N) and SO(N)
in the fundamental representation, and for SU(2) in an arbitrary representation of

spin j/2. The form of the Casimirs (2.9) for these cases, taken in a normalization



such that for the fundamental representation,

is [12):

L4 SU(N)f:

L SO(N)f:

Cs
Cs
Cy
Cs
Cs

G

1
Te(T,T3) = —§5ab,

1
== Z(N - 1)a

1
Loy,

1
=gV - DIV = 2)(N? — 5N + 10),
1

1024
1

~ 1096
1

~ 4096

(N —1)(N — 2)(N® = 7N? + 17N — 10),
(N —1)(N = 2)(N? — 7N + 14)(N? — 2N + 3),

(N = 1)(N = 2)(N — 3)(TN — 18);

(2.10)

(2.11)

(2.12)



L4 SU(Q)J':

Cy=—j(j+1),
C3=—3j(j+1),
Cy =25%(j + 1)%,

P (2.13)
Cs =357(j +1)" —j(j +1),

(
Ce =273 + 1) +352( + 1) — 2j(j + 1),
C3=—273 + 1) +552( + 1) — 25(j + 1).

Equations (2.6), (2.7) and (2.9) contain all the information appearing on the
right hand side of (2.5) up to order six except the Vassiliev invariants themselves
(the quantities a;;) which we intend to compute. To solve for them we need to

know the left hand side of (2.5). This information is compiled in next section.

3. HOMFLY, Kauffman, Jones, and
Akutsu-Wadati Polynomials for Torus Knots

In this section we convenientely present the form of the polynomial invariants
for torus knots corresponding to the groups SU(N) and SO(N) in the fundamental
representation, and to the group SU(2) in an arbitrary representation of spin j/2.
These quantities have been worked out from different points of view in the last few

years.

The polynomial invariant for SU(N) in the fundamental representation is the
HOMFLY polynomial [20,22,21]. It was first computed for torus knots in [21],
reobtained from quantum groups in [23], and from Chern-Simons gauge theory in
[24]. It has the form:

l\)lb—‘

t\.’)l»—t
N[

4

Pam((M)?, ) = ( 1—t )A%(m—n(n_l)

1—tn At —1
X Z tmwr p(p+1) HJ——pO‘t B tj) (3.1)
Werndt (0)!(p)!



where (z) =t* — 1, A =t~ and t = exp(2mi/(k + ¢g")) with g¥ = N.

The polynomial invariant for SO(N) in the fundamental representation corre-
sponds to the Kauffman polynomial [25]. It was first computed for torus knots in
[26] and reobtained from Chern-Simons gauge theory in [27]. It has the following

form:

= 1 -1, [1 nm -2 (3- -m 1 1
me()\’tz —t 2) _m X < Z t (B ’Y))\ (—1)7 X (m—l—m)

v+B+1=n
v,820
1 ﬁ['1]+{0 n odd
X X Js )
(8] (]! =y 1 neven

(3.2)
where [p] = t5 — 75, [p;q] = t2AT — ¢t 5X"9, A=t , and t = exp(mi/(k + g))

with ¢V = N — 2.

The polynomial invariant for SU(2) in an arbitrary representation of spin j/2 is
known as the Jones polynomial [20] for j = 1, and the Akutsu-Wadati polynomial
for j > 1. Its form for torus knots was first obtained in [28]. The framework utilized
was based on the formalism proposed in [29]. Later it was reobtained in [30] also
in the framework of Chern-Simons gauge theory but using a different formalism.

This invariant has the form:

= t3(n=1)(m-1) J n(14ml)(j—1) (A4sl _ m(i—1)
1=0

where t = exp(27i/(k + 2)).

The invariants listed in (3.1), (3.2) and (3.3) contain enough information to
obtain the quantities c;; in (2.5) up to order six. Actually, we must take into
account that in (3.1), (3.2) and (3.3) the invariants have been normalized in such
a way that for the unknot they take the value one. In the expression (2.5) we need
however the unnormalized invariants, i.e., the expressions for the Wilson lines as

obtained from (2.3). These are easily obtained multiplying by the value of the



Wilson lines corresponding to the unknot as dictated from Chern-Simons gauge
theory. These expressions can be extracted, for example, from [31] and [32] for the
cases of SU(N) and SO(N) in the fundamental representation respectively, and
from [28] for SU(2) in a representation of spin j/2. Taking into account these facts

it turns out that for the left-hand side of (2.5) we must consider:

(At)

Pum((M)7,17 —177) =
t

2

AT s O0R B ), (34
_.t_

SN

where (z) =t* — 1, A =tV "1 and t = exp(27i/(k + N)),

7)Fn,m()\7t% —t73), (3.5)

Jt1 J+1

j t7z2 —t 2 =

[mm(t) = 1 1 [n7m(t)> (3 6)
t2 —t7 2

where t = exp(2mi/(k + 2)).

To obtain the linear equations satisfied by the «;; one must appropriately
expand the invariants (3.4), (3.5) and (3.6). According to the form of ¢ entering
in each of them, and taking into account that one is dispensing with the shift, one

has to introduce the variable x through:

t =e*,  for SU(N),
t=e2,  for SO(N).

10



4. Vassiliev Invariants for Torus Knots up to order six

In this section we obtain the expression of the Vassiliev invariants c;; in (2.5)
up to order six. To carry this out one must solve the equations resulting after
considering the power series expansion of the left hand side of (2.5) once the variable

x has been introduced as dictated by ¢ in (3.7).

In expanding (3.4) and (3.5) one finds the slight complication that n appears
in the limits of the sum and the product entering those expressions. A similar
complication shows up in (3.6) due to the presence of a sum whose upper limit is
j. To solve these difficulties we will proceed in the following way. First notice that
the invariants P, ,, Fym and I, p, are symmetric in n and m. This implies that
the coefficient of the Taylor series expansion in x must also be symmetric in n and
m. On the other hand, for n fixed in (3.4) and (3.5), and for j fixed in (3.6), it
is clear that the coefficients are polynomials in m, and in n and m respectively.
Actually, it was shown in [17,18] that if n = 2 and m = 2p + 1 the polynomial
in p resulting as the coefficient of z* is at most a polynomial of degree i. We can
therefore assume that the coefficient of 2* in the Taylor series expansion of (3.4),
(3.2) and (3.6) is a symmetric polynomial in n and m of degrees i in both n and

m.

One can actually state one more property of the polynomials in n and m
entering the coefficients of the Taylor series expansion of (3.4), (3.5) and (3.6).
Under an inversion of space, a torus knot {n,m} becomes the torus knot n, —m.
On the other hand, it is known that HOMFLY, Kauffman and Akutsu-Wadati
invariants which correspond to knots which are mirror images of each other are
related by the transformation ¢ — ¢~1'. This implies that the coefficients of the
Taylor series expansions of (3.4), (3.5) and (3.6) are invariant under the change
m — —m (or n — —n) and © — —z. The consequences of this symmetry are the
following: the polynomial of the coefficient of 2 with i even contains only even
powers of n and m; the polynomial of the coefficient of ' with i odd is of the form

nm times a polynomial containing only even powers of n and m.

11



The properties discussed so far are satisfied by both the unnormalized invari-
ants (3.4), (3.5) and (3.6), and the normalized ones (3.1), (3.2) and (3.3). There
is, however, one important property shared by the normalized invariants which do
not have the unnormalized ones and that suggests that one should analyze first
those. One can verify from (3.1), (3.2) and (3.3) that Pi 4y, = F1 4m = I{,im = 1.
This implies that +1 must be roots of all the polynomials entering the coefficients
of z* for i > 0 in both, n and m, in the corresponding power series. To exploit this
property, instead of considering the expansion (2.5) for the unormalized Wilson

lines we will consider the corresponding expansion for the normalized ones,

~ WR oo d; ) .
V) = it = > i (@)

where (W(f”) denotes the vacuum expectation value for the unknot in the represen-
tation R. Notice that we are using the same notation as in [12]. We will compute
the quantities &;; up to order six. Clearly, from that result plus the fact the for
the unknot [12]:

2 3
T T r r —r r r
(WEY = d(R) (ﬂxzﬂ 127 L T2 TaAy g (TTL2T T12T24

6 72 360 360 1296 2160
T1,273,4 75,6 76,6 7.6 78,6 79,6 6 ] )
— — — O
T 9160 15120 T 3780 11340 T 9072 15120)9“" +0@%),

(4.2)

one easily obtains the expression for the «;;.

From the properties described in the previous paragraphs follow that if 7 is even,
the polynomial corresponding to the coefficient of 2% in the Taylor series expansion

of (3.1), (3.2) and (3.3) has the form (n? —1)(m?—1) times a polynomial in m? and

2

n? which is symmetric under m? < n?, and possesses at most degree i — 2 in both

n and m. For i odd the corresponding polynomial has the form nm(n?—1)(m?—1)

2

times a polynomial in m? and n? which is symmetric under m? < n?, and possesses

at most degree ¢ — 3 in both n and m.

12



Up to order i = 6 the general form of the Taylor series expansions of (3.1),

(3.2) and (3.3) becomes:

1+ (n? = 1) (m* = 1)2% go1 +nm (n® — 1) (m* — 1) 2° g31

+ (n® = 1) (m* = 1) 2* (ga1 + (n® + m?) gap +n°m* g4 3)

+nm(n? —1) (m? —1)2° (g51 + (n* + m?) gs2 +n?m? gs3) (4.3)
+ (n? = 1) (m* — 1) 2° (ge1 + (n® +m?) g2 + n” m” ge 3

4

+(n m? + n? m4) 96,4 + (n4 + m4) 96,5 + n*m? 96,6

where g¢;; are functions of N for the cases of the HOMFLY and the Kauffman
invariants, and functions of the spin j/2 for the case of Akutsu-Wadati. The
simplest way to determine these functions is to generate linear relations among
them computing the Taylor series expansions of the left-hand side of (4.1) for

specific values of n and m up to order six. In doing this one finds the following

results:
[ ] SU(N)f:
1 1
- — —(N?-1 - — — (N*-1
92,1 24( )R 943 1920( )
g31 = — LN(N2 —1) g51 :LN(29N4 — 60N? + 31)
s 144 ’ ’ 86400 ’
g1 zi(m‘l — 10N? +3) g50 = — LN(HN‘* — 40N? + 29)
5760 ’ : 86400 ’
1 1
= — — (3N*—10N?2+7 —— —— N(N*— 10N +11
ga2 5760( + )7 95,3 36400 ( + )7

13



(31N® — 49N* + 21N? - 3),

1
96,1 = 7 967630

(ON® — 35N + 35N2 — 9),

96:2 = 183840

1
= (55N% — 98 N* — 35 N2 + 78),
1451520 (4.4)

(22N® — 77N* + 28N? + 27),

96,3

964 = 7 1451520

(3NS — 21N* + 49N? — 31),

965 = 7 967630

(5NS — 49N* + 35N2 4 9);

1
966 =5003040

L SO(N)f:

1
=— —(N*-3N+2
92,1 96( +2),

1
= — —(N-2?3*N-1
93,1 TTL )7 ( );

_ 4 3 2
94,1 _92160(7N 45N° + 110N* — 120N + 48),

1
—— —— (3N* - 15N3 +20N2 -8
942 =~ Go1g0 + ):

— 1 4 3 2
943 = 92160(3N 25N° 4+ TON* — 80N + 32),

(58N5 — 469N* 4 1455N3 — 2120N? + 1412N — 336),

1
951 = 5529600

95,2 = (22N° — 141N* + 295N — 180N? — 92N + 96),

5529600

95,3 = (2N° — 51N* 4+ 245N3 — 480N? + 428N — 144),

5529600

14



g6,1 =

3J6,2

96,3

g6,4 =

96,5 =

J6.,6

L4 SU(Q)J':

T 61931520

1

61931520

1
928972800

1

928972800

1

61931520

1
=o2s072800 2N 6 1 112N° — 1442N* + 4585N3 — 6860 N2

(31N® — 315N° 4 1358 N* — 3150N3 + 4116 N?
— 2856 + 816),

(18NS — 147N® 4+ 455N* — 630N? + 280N? + 168N — 144),

(550N — 5768 N° + 23443N* — 46865N3 + 47740N?

— 22652N + 3552),
(220N — 1757N° + 5152N* — 6335N3 + 1540N?

+ 3052N — 1872),
(3N® — 21N° + 42N* — 56 N? + 32),

+ 5068N — 1488);

1 1
92,1 IEA’ 943 ——A(7A —+ 9),

1
93,1 =

g41 =

942 = —

18
1
360

360

1
A, 951 =——A(104 — 1),

1080

1
A(TA—-1 =— —A(6A
(7 )> 95,2 1080 (6 + 3)>

1 1
 ABA+1 o A(184+1
360134+ 1), 953 =7pgo A(184 + 19),

96.1 A(155A% — 5542 +5),

1
75600

1
— ———A(90A% 4+ 20A —
=0 A004% 4204 — ),

1 2
963 =200 A(2004% + 3584 — 9)), ",

1
= A(90A% + 342A + 184
6.4 =0 (90A% 4 342A + 184),

1
= A(15A%2 + 15A
96,5 75600 (5 + 15 +5),

96,2 =

96,6 A(155A% + 1023A + 691),

75600

15



where,

A= —ij(j+2). (4.7)

We have all the ingredients to compute the Vassiliev invariants for torus knots
up to order six. Equations (4.4), (4.5) and (4.6) plugged in (4.3) constitute the
left-hand side of (4.1). Since all but the &;; is known on the right-hand side of that
equation we can obtain linear relations for the &;; considering different groups and
representations. As in [12] we will take into account the linear relations appearing
from the consideration of SU(N) and SO(N) in their fundamental representations,
SU(2) in a representation of arbitrary spin j/2, and SU(N) x SU(2) in a repre-
sentation which is the product of the fundamental of SU (V) times the one of spin
j/2 of SU(2). For this last case we will use the following property. Denoting by
(Wg’) and (W) the vacuum expectation values of Wilson lines based on the sim-
ple groups G; where G = ®f\i 1G1, being the representation R of G a direct product

of representations R; of G;, one has,
M
why = H (Wi, (4.8)
=1

This follows directly from the factorization of both the partition function and the

Wilson line operator [12].

Proceeding in the way described above one finds 5 equations for as 1, 5 equa-
tions for a3 1, 12 equations for ay 1, du 2 and day3, 15 equations for as 1, - -, as 4,
and 20 equations for &g 1, -+, &g 9. These equations have a unique solution which

takes the form:

16



_ 1
G21 =¢ (n? —1) (m? —1),

ot 2 _ 2 _
as 1 —18nm(n 1) (m*=1),
N L 2, 2 2
—— (-1 —1
1
Qg2 =360 (m? —1) (n®> = 1) (9n?*m? —m? —n? — 1),
- 1 4 4
—— (= 1) (m*=1
51 =——nm (n2 — 12 (m2 — 1)2
108 ’
1
5.2 == (n* — 1) (m* — 1) (69n* m? — 21 (n* + m?) — 11),
1
as3 =sog "™ (n? — 1) (m? — 1) (11 n*m? + n® + m? — 9),
1
Q5.4 =500 "™ (n* — 1) (m*—1),

17



B 1
ag 1 (n* = 1)* (m* — 1),

T 1296
X 1
056,2 :% ( 2 1)2 (mQ . 1)2 n2 m2,
~ 1 2 2 2 2 2,2 2 2
- (n® -1 -1 —n?2-m?-1
63 =5765 (0" — 1) (m" = 1)%(9n"m” —n” —m” —1),
~ _ 1 2 2 2 272 2
64 =5750 (n”—1)*(m”—1)"(n"+1) (m~ + 1),
1
(65 =z (n* — 1) (m* — 1) (516 n* m* — 289 (n* m* + n* m?)
—44n*m? +5 (n* + m?) + 5 (n? + m?) +5),
1
6.6 ~50730 (n* —1) (m* = 1) (53n*m* — 101 (n® m* + n* m?)
— 11507 m? — 24 (n* + m*) — 24 (n® + m?) — 24),
1
a7 =%56800 (n2 —1) (m2 -1) (419 n*m* + 209 (n2 m* +nt m2)
—n?m? + 20 (n* + m*) + 20 (n? +m?) + 20),
1
(6.8 = 753600 (n* —1) (m* = 1) (13n*m* + 13 (n* m* + n* m?)
+13n2m? — 50 (n* + m*) — 50 (n® + m?) — 50),
~ 1 2 2 4, 4 2,4 4. 2
= —~1 —1) (31 1
a9 151200(71 ) (m ) (31n* m* 4 31 (n” m* + n* m?)

+31n*m? + 10 (n* +m?*) + 10 (n® + m?) + 10).
(4.9)

One can verify that the Vassiliev invariants which do not correspond to primitive

ones satisfy the relations [12]:

1

1
~ _1~2 5 -9
REEIDRY a6,2 =5031,
(51 =02,103 1, Qg3 =Ci2,104.2, (4.10)
R L
6,1 —g2 04 =Q21004 3.

As explained in [12] these relations are a consequence of the factorization property
(4.8).

The quantities o;j, which are the ones which have a more direct integral in-

terpretation are easily obtained from the @;; in (4.9) and the expansion for the
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unknot up to order six (4.2). Since (4.2) only contains even powers of z, for the

invariants of odd order one has:

a3l = a3, Q53 = Q5 3, (4.11)

Q59 = 52, Q5.4 = Q5 4.

As shown in [12], the relations (4.10) for the compound invariants also holds in

this case:
1
.2 1 5
a4l _2%71’ ¥.2 =591
04571 :Oz2710z371, 056,3 20427104472, (412)
1 3
Q6.1 :6042,17 g4 =02 104 3.

For the primitive ones of even order one finds:

1
a1 =5 (n2 m? —n? — m2),

=g (On*m* =10 (0 m* 4t ) + () 41007 ),

1
4.3 =360 (n4 m* —n* — m4),

a6 5 516 n5m® — 805 (n*m® + n®m*) + 1050 n* m*

75600 (
+ 294 (n® mb + nSm?) — 245 (> m* + n*m?)
—5(n% +mP) —49n?m?),

66 =55750 (53n5m® — 154 (n* m® + n®m*) + 140 n* m*
+ 77 (> m8 + nm?) + 14 (n*m?* + ntm?)
+24 (n® + m®) — 91n*m?),

1
(8% =
%7 7226800

(4190 mS — 210 (n* m® + n®m*) — 189 (n® m® + n®m?)
+ 210 (n? m* + n*m?) — 20 (n® 4+ mb) — 21 n? m2),

(13n5m® — 63 (n?m® 4+ nm?) + 50 (n® + m®) + 63n* m?),

@68 = 153600
1

@69 =151200

(3108 mb — 21 (n?m® + n®m?) — 10 (n® + m®) + 21 n* m?).
(4.13)
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The simple expressions found for the quantities «;; are in clear contrast with
the complexity implicit in their integral form. As it was indicated above, the «;;
constitute the form of the Vassiliev invariants which are more simply related to
their integral form as dictated from the Feynmann rules of Chern-Simons gauge
theory. These are known only for the first two invariants. At order two one has

[15,7]:

1= l%dl’lfl /d(lf /dl’§3/dx A,mpu - LL’3)AH2#4(SL’2 - LL’4)
4.14
/d{E /d{E /d3 /1417/1 - y)A/j,zl/z(x2 - y) ( )

X A s (23 — y)ey”’m"’)

Y

while at order three [12]:

20



1 T
—éjgdx*fl/dm /dmé“/dx /d:c5“’/dxg6
[Amm(xl_ 4)Auzue( 2~ G)Ausuo(

+ Dpaps (X1 = 23) Aoy (T2 — 5) Ay (T4 — 956)

+ Amus (xl )Amm( 4)A/J3H6( - x6)]

1
1
—l—Zj{d:c{”/dm /dmé“/dx /d:c5“’/dx

[Amm(xl - 4)A1U42/J‘o( 2~ 5)Ausu6( 3

x1
' / dahy? / dzk? / dzly! / dt® / dy
RS

[Aull/l (21 = Y) D popis (T2 — T5) D (03 — Y) Ay (T4 — y)e

V1UV3V4

+ A s (01 = 23) A0y (T2 — Y) A vy (B4 — Y) Apsus (25 — y) €247
+ Ay (11 = YA popa (72 — 24) Dy (T3 — Y) Ay (75 — y) 1727
+ Buna (71 = ) iava (22 = Y) D pugpis (23 = 25) Ayprys (T4 — y) €772
+ Ay (01 = 2) Dy (72 = Y) Dy (73 — 4) Dy (w5 — )77 ]

128 dx’f/dz /dzgf"/dm /dgy/dgz
R3 R2

[(Aull/l (1’1 - y)Auzaz (1’2 - Z)AMSUS (1’3 - Z)Au4l/4 (1’4 - y)
X Apply — z)e”la”4ea3ﬂ02)
+ (Aull/l (1’1 - y)Auzuz (1’2 - y)AMSUS(lg - Z)

X AH4U4 ($4 - Z)Aaﬂ(y — z)€V2CW1€U4503)}’
(4.15)

where,

L ot
A‘uy(flf — y) = ;Eﬂ(ﬂ/m.

We proposed in [12] a normalization of the Vassiliev invariants which seemed to
be special in the sense that these invariants become integer-valued. This normal-

ization is fixed assuming that the Vassiliev invariants a;; for the trefoil knot do not
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vanish and then using those non-vanishing values to normalize for the rest of the
non-trivial knots inserting appropriate factors. The resulting primitive invariants

for a knot K, which are labelled as ;;(K), are defined up to order six as:

_ ana(K) _ asa(K)
52,1(K) - &271(31>7 55,4(K) - &574(31)7

~ aga(K) _ ag5(K)
53,1(K> - &371(31)7 56,5(‘[{) - 50715[675(31>’

oy u2(K)  oa®6(K)

K) = 52438 K) = 153126705 1

54,3( ) - O~é473(31)7 56,7( ) - d677(31)’

_ 1 052(K) _ 1, 068(K)
/8572([() - 116{572(31)’ /8678([() - 17&678(31)’

_ a53(K) ooy G69(K)
5573(K) = m> 5679([() =271 076,9(31)’

where &;;(31) refers to the invariants corresponding to the trefoil knot. The com-
pound Vassiliev invariants are then simply defined in such a way that they are

products of primitive ones:

64,1 :ﬂih 66,2 :ﬂih
P51 =F2,13.1, B6,3 =[2,14.2, (4.17)
B =B31, B6,4 =52,184,3-

We will now compute the primitive Vassiliev invariants for torus knots invari-

ants in such a normalization. From (4.9) follows:

1
Ba1 =55 (0 =1) (m* = 1),
1
Psi=gnm (n* —1) (m* = 1),
1
a2 =510 (n® —1) (m* = 1) (9n*m® —n® —m® — 1),
1
Bag =555 (' = 1) (m* = 1),
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1
Bs2 = 3800 nm (n® — 1) (m? — 1) (69n*m* — 21 (n® + m?) — 11),
1
B5.3 =r=e00 "™ (n? — 1) (m? = 1) (11 n?m? + n? + m* — 9),
1
B5.4 =500 ™ (n4 -1) (m4 —1),
1
865 =525 (n* = 1) (m* — 1) (516 n* m* — 289 (n* m* + n* m?)
—44n*m? +5 (n* +m*) +5(n? + m?) +5),
1
566 =T300 (n* —1) (m* = 1) (53n*m* — 101 (R* m* + n* m?)
— 115n*m? — 24 (n* + m*) — 24 (n® + m?) — 24),
1
Be.7 =10080 (n2 - 1) (m2 -1) (419 n*m? + 209 (n2 m* + n? m2)
—n?m? + 20 (n* + m*) + 20 (n? + m?) + 20),
1
fos =5z355 (n* —1) (m* = 1) (13n*m* + 13 (n* m* + n* m?)
+13n?m? — 50 (n* + m*) — 50 (n* + m?) — 50),
1
B6.9 =E010 (n2 -1) (m2 - 1) (31 n*m?* + 31 (n2 m* 4+ n? m2)

+31n?m? + 10 (n* +m*) + 10 (n* + m?) + 10).
(4.18)

In the following section we will describe some of the properties of these invariants.

5. Properties of the Vassiliev Invariants for Torus Knots

Given the Vassiliev invariants (4.18) the first question that one would like to
answer is how many of them are needed to distinguish torus knots. It was shown
in [18] that for torus knots of the form (2,2p+1) the Vassiliev invariants of second
and third orders are enough. We will prove now that this result holds for arbitrary
torus knots. In other words, we will prove that if two torus knots {n,m} (with
(n,m) = 1) and (n’,m/) (with (n/,m’) = 1) have the same first two Vassiliev
invariants,

Ba,1(n,m) = a1 (n',m'),

(5.1)
B31(n,m) = Bz1(n',m’),
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then (n',m’) = (n,m), (n,m’) = (m,n), (n',m') = (—n,—m), or (n/,m') =
(—m, —n). First notice that from the explicit form of 21 and (31 in (4.18), one

finds from (5.1):

2

2
2:n/ —i—m/.

mn =m'n’, and n*+m (5.2)
Let v be a rational number such that m’ = yn. From the first relation in (5.2)

follows that also m = vy n’. Then, from the second relation in (5.2) one gets:
2
n*(y* = 1) = n"(y* = 1), (5.3)

which implies that either n = +n' and ~y arbitrary, or v = +1 and n and n’ any. In
the first of these two cases, after considering (5.2), one ends with either n = n’ and
m =m/, or n = —n' and m = —m/. In the second case, similarly, one concludes
that either m = n’ and n = m/, or m = —n’ and n = —m’. The four possibilities
correspond to the same torus knot and therefore we have proved that the first two

Vassiliev invariants distinguish all torus knots.

This analysis shows that the first two Vassiliev invariants provide a one-to-one
map between the set 7 = {n,m € Z | (n,m) =1, n > |m|} and its image through
the function (02,1(n, m), #31(n,m)). From the form of 21 and 37 in (4.18) one
finds that 7" gets mapped around a curve in the (2,1, 43,1) plane whose asymptotic

form (large values of (21 and 3 1) is:
2 2 3
G351 = gﬂm- (5.4)

It is important to remark that our result for 37 agrees with the Vassiliev
invariant of order three for torus knots of the form (2,2p + 1) presented in [18]:
v3 = p> — p. To verify this one must take into account that Vassiliev invariants

are defined up to global factors and addition of a linear relation of lower order
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Vassiliev invariants. It turns out that:

vy = 3(B31(2,2p+ 1) — B21(2,2p+ 1)) =p° — p. (5.5)

Also, it would be interesting to study if for the lower order cases (two and three)

the methods developped in [33] lead to results equivalent to ours.

Another important issue that we will address here is to work out which of the
Vassiliev invariants which we have obtained contain the topological information.
In other words, we will study at each order how many independent invariants
are taking into account that linear combinations of lower-order invariants can be
added. Certainly, at orders two and three there is a single one for each. At order

four one finds that,

Bag = A4Bu3 + 1265, — Ba,1, (5.6)

and therefore there is only one independent invariant. At order five one obtains,

27 2
Bs5,2 =605 3 + 3/52715371 — 55371,
(5.7)

3 3 1
B5.3 —155,3 + 1—052,153,1 — 2—053,1,

and thus, again, there is only one independent invariant. At order six, however one

finds that the number of independent invariants is two. Indeed, from the relations,

58 80 41 680 2080
Bo5 =—B69 — = Bas + —B21 — — 21843 + 528085, — ——03 1,
9 3 9 3 3
5 5 1
Be6 = — 566,9 - §54,3 + 152,1 — 10832,1 84,3 + 24085, — 4053 1, (5.8)

9 1
Be,7 25/6679 — 503 + 5/3271 +43203  — 96033 1,

and the fact that (s g can not be written as a linear relation of the 3;; which appear
on the right hand side of (5.8) one concludes that g and (59 can be taken as

the independent invariants at order six. Notice that up to the order which we have
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studied the independent Vassiliev invariants for torus knots can be chosen for ¢ > 3
as the ones associated to the Casimirs shown in Fig. 2. As discussed in [12], these
Casimirs are the building blocks of the group factors shown in Fig. 1. One would

like to know if the correspondence found up to order six holds in general.

The result obtained for (27 allows to conclude that many torus knots are
not Lissajous knots. It has been shown recently [34] that the Arf, Kervaire, or
Robertello invariant for a Lissajous knot is zero. On the other hand, it is also
known [15] that this invariant is just 821 mod 2. Thus, if f£21 is odd for a torus
knot {n,m} one can state that it is not a Lissajous knot. From the formula for
B2,1 in (4.18) one can verify that indeed the trefoil knot (n = 2, m = 3) is not
a Lissajous knot. Our result for the Vassiliev invariant 21 in (4.18) allows to
conclude in general that if (n? — 1)(m? — 1)/24 is odd the torus knot {n,m} is not

a Lissajous knot.

One of the most interesting property of the Vassiliev invariants ;; is that
they seem to be integer-valued. It was observed in [12] that there seemed to be a
special normalization for the Vassiliev invariants such that they become integer-
valued. One could say that such observation was not well-funded because after all
in [12] only a finite set of knots were considered. However, in this paper we have
studied an infinite subset of knots and one seems to find the same property. It
is proved in the appendix that the 3;; in (4.18), which are polynomials in n and
m, are integer-valued when n and m are coprime integers, (n,m) = 1, up to order
four. For orders ¢ = 5,6 we have numerical evidence that this feature also hold
but we do not have yet a proof. These polynomials share the property that there
exist at least one value (then there are infinitely many) of the pair n, m, such that

(n,m) # 1, for which 3;; is not integer-valued.

The invariants (3;; regarded as polynomials in n and m are very interesting by
themselves from the point of view of number theory. These are polynomials which
are integer-valued when (n,m) = 1 but fail for some n, m when (n,m) # 1. Given

a polynomial with these features one can always construct a new one adding a new
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polynomial at most of the same degree with integer coefficients. Therefore, they
are defined modulo the ring of polynomials in n and m with integer coefficients.
The prototype for these polynomials is actually the one leading to the Gordian
number of a torus knot. It has the form (n — 1)(m — 1)/2 (for n,m > 0) and
according to Milnor’s conjecture [35] corresponds to the uncrossing number of a
torus knot {n,m}. Among the set of symmetric polynomials in n and m which
only vanish for n = 1 and m = 1, the polynomial (n — 1)(m — 1)/2 is, up to a
global sign, the only one which is integer-valued when (n,m) = 1 but it is not
integer-valued for some n, m such that (n,m) # 1, modulo the ring of polynomials

in n and m with integer coefficients.

Relative to the Gordian number, notice that our results show that (n—1)(m —
1)/2 is not a Vassiliev invariant. If Milnor’s conjecture holds this is consistent with

the fact proven in [17,18] that the uncrossing number is not an invariant of finite
type.

According to (4.18), the polynomials which seem to be relevant are symmetric
polynomials in n and m which vanish for n = +1 and m = 41, and have the
property described above: they are integer-valued when (n, m) = 1, and they fail to
be an integer for some n, m such that (n,m) # 1. Actually, the set of polynomials
in which one is interested is more restricted, for even orders they are invariant
under n — —n (or m — —m), while for odd orders they change sign under such a
transformation. The properties and structure of this set of polynomials deserve to

be studied from a general point of view.

We would like to end pointing out that one of the important consequences of
knowing the explicit form of the Vassiliev invariants (3;; at least for torus knots is

that it might shed light towards their general interpretation.
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APPENDIX

In this appendix we will prove that the Vassiliev invariants for torus knots as

given in (4.18) are integer-valued for orders i = 2, 3, 4.

Proposition 1. If n and m are two coprime integers, (n,m) = 1, then o1 =

(n? — 1)(m? — 1)/24 is integer-valued.

Proof: Let n and m be two integers such that (n,m) = 1. Being coprime there is
at least one of them which is odd. Let this be n. Since the polynomial entering
(2,1 is symmetric in n and m this can be done without loss of generality. If n is
odd one has that either n —1 =0 mod 2 and n+ 1 =0 mod 4, or n+ 1 = 0 mod
2 and n — 1 = 0 mod 4. In either case, n? — 1 = 0 mod 8. If in addition n has the
property of being n = 1,2 mod 3 one has that either n—1 =0mod 3, orn+1=10
mod 3. In either case n? — 1 = 0 mod 3 and therefore n? — 1 = 0 mod 24, probing
the proposition for this case. For the case which is left, n = 0 mod 3, one has that
since (n,m) = 1, m = 1,2 mod 3 which implies as before m? —1 = 0 mod 3. Then,

(n? —1)(m? — 1) = 0 mod 24, and the propostion is proven. O

Proposition 2. If n and m are two coprime integers, (n,m) = 1, then 31 =

nm(n? — 1)(m? — 1) /144 is integer-valued.

Proof: Let n and m be two integers such that (n,m) = 1. Being coprime, as in
the previous proof one can always choose n to be odd without loss of generality.
As shown there one has then that n2 — 1 = 0 mod 8 and, if in addition n = 1,2
mod 3, one has that n?> — 1 = 0 mod 24. Let us consider the possible cases for m
under this situation. We will consider the other situation (the one in which n =0
mod 3 below). If m is odd and m = 1,2 mod 3, the same arguments as before
lead to m? — 1 = 0 mod 24, and therefore (n? — 1)(m? — 1) = 0 mod 24%. If it
where the case in which m = 0 mod 3 one would have m(m? — 1) = 0 mod 24, and

therefore m(n? — 1)(m? — 1) = 0 mod 242. Finally, if m is even either m + 1 = 0
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mod 3, or m — 1 = 0 mod 3, being then m(m? — 1) = 0 mod 6, and therefore
m(n? — 1)(m? — 1) = 0 mod 144. Let us consider now the second situation. If
n = 0 mod 3 one has that n(n? — 1) = 0 mod 24. If m is odd, since (n,m) = 1
one must have m = 1,2 mod 3 and, as before, m?> — 1 = 0 mod 24, obtaining then
n(n? —1)(m? — 1) = 0 mod 242. If m is even, again m(m? — 1) = 0 mod 6, and

then nm(n? —1)(m? — 1) = 0 mod 144. This ends the proof of the proposition. 0

Proposition 3. If n and m are two coprime integers, (n,m) =1, then 43 =

(n* — 1)(m* — 1) /240 is integer-valued.

Proof: Let n and m be two integers such that (n, m) = 1. Being coprime, as in the
previous proof one can always choose n to be odd without loss of generality. As
shown there one has then that n? — 1 = 0 mod 8. We will consider four possible

situations:

a)n =1,2mod 3 and n = 1,2,3,4 mod 5. On the one hand, as in the previous
proposition one has that n? — 1 = 0 mod 24. On the other hand, n? + 1 = 0 mod
2 and, if n = 2,3 mod 5, n® + 1 = 0 mod 5, while if n = 1,4 mod 5, n> —1 =0
mod 5. Then (n? — 1)(n? + 1) = 0 mod 240.

b)n=1,2mod 3 and n = 0 mod 5. On the one hand, as before, n? — 1 = 0 mod
24, and n?2 41 = 0 mod 2. On the other hand, since (n,m) = 1, m = 1,2,3,4 mod
5. As in the previous situation, then (m? — 1)(m? 4+ 1) = 0 mod 5. Therefore, one
concludes that (n? — 1)(n? + 1)(m? — 1)(m? + 1) = 0 mod 240.

¢)n=0mod 3 and n =1,2,3,4 mod 5. In this case one has only that n?—1=0
mod 8 and n? + 1 = 0 mod 2, while, again, (n? — 1)(n?> +1) = 0 mod 5. As
(n,m) = 1 one must have m = 1,2 mod 3, which implies that m? — 1 = 0 mod 3.
Then, (n? — 1)(n? 4 1)(m? — 1)(m? 4+ 1) = 0 mod 240.

d)n =0mod 3 and n = 0 mod 5. In this case one has only that n? —1 = 0 mod 8
and n? + 1 = 0 mod 2. On the other hand, as (n,m) = 1 one must have m = 1,2
mod 3, which implies that m? —1 = 0 mod 3, and m = 1,2,3,4 mod 5, which
implies that (m?—1)(m?+1) = 0 mod 5. Then, (n?—1)(n?+1)(m?—1)(m?+1) = 0
mod 240. O
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Proposition 4. If n and m are two coprime integers, (n,m) = 1, then (49 =

(n?

—1)(m? — 1)(9n?m? — n? — m? — 1)/240 is integer-valued.

Proof: This proposition follows from equation (5.6) and Propositions 1 and 3. O

10.
11.

12.
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